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Maxima and Minima

Synopsis. This section covers calculus problems for maxima and minima. A local maxima
or a local minima for a function f(z) is a real value a for which f(a) is a maximum value
(respectively minimum value) for some open interval around a. Recall that local maxima
and local minima of a function f(z) which is differentiable on an open interval must occur
at points where the derivative f'(a) equals 0. A value, z where f'(a) = 0 is called a

stationary point. Not all stationary points are local maxima or local minima.

We define the critical points of the function f(z) on an interval to be any of the stationary
points, point where the derivative f/(z) does not exist, or an endpoint of the interval. To
find maxima and minima for functions f(z) on an interval, we need only check the critical

points and compute where the maximum and minimum values of f occur.

Exercises.

1. Find the maximum value of f(z) = —322 + 12z + 5 where z can vary over the real

line.

Solution. We first find the derivative f/(z).

d
fl(z) = a(—3$2+12:z:-|—5) = (=3)2z+12 = —6z +12.

Then we find the critical values of z. But that just means solving f/(z) = 0. We imme-
diately find z = 2 as the solution. Plugging this in we get f(2) = —3%22 4+ 12%2+5 =
—124244+5=1T7.

We also must check the endpoints of the interval under consideration. But as z — 400
f(z) goes to —oo due to the dominating term —3z2. Hence the maximum value of F(z)
on the real line is at z = 2, thus 17. =

1
2. Find the minimum value of f(z) =z + 9z where z > 0.
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Solution I. We first find f'(z).

d 1 d (1 1
/ _ e ) e (2 -1y _ ,_ 1.2
f(m)_d$<m+9$) 1+dw<9m ) 1 g%

-2

X 1 1 .. .
Solving for f/ = 0 we find 1 = 5:1: or9=z2orz= ig. Since we are restricted to

. . . 1
z > 0 we may ignore the negative solution. At z = 3 we find the value

1
9.

wW | =

+

wW | =

+

wW | =

f(z) =

[

. 1
Now we note that as £ — o0, f(z) — +00, while when = goes to 0 from above 9z
also goes to +o0o. Hence the minimum value of the function f(z) in the region z > 0 is

Solution II. We can actually solve this problem by an elementary method, using the
Theorem on Arithmetic Means and Geometric Means. In the case of two nonnegative
variables a, b, this Theorem states that

vab < a—;b.

Furthermore, equality holds only in the case a = b. This is easy to prove directly by
1
algebra. For the above problem, we set a = z and b = 9z We find

T+ !
1 -7 9z
9z — 2
or
fa— \/j < 9z
3 - 2
while gives us
2 1
- < T+ —
3 9z

. . 1 1 )
with equality only when z = 9z’ or when z = 3 when we restricttoz > 0. =

1
3. Find the minimum value of f(z) =z + 1622 where z > 0.
4. A rectangle has vertices with coordinates {(0, 0), (a, 0), (0, b), (a, b)}. If the vertex
2

2
(a, b) lies on the portion of the ellipse :rz + Z_S = 1 that is in the first quadrant, find the

maximum possible area of the rectangle.
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5. Same setup as the previous problem, but the vertex (a, b) lies on the curve /z+,/y <
6.

6. A soup can, in the shape of a closed cylinder, is made of 8 7 square inches of tin.
Find the maximum value of the volume that can be contained in the soup can.

7. A cylinder of radius r and height A is topped by a hemisphere. If the surface area

of the outside of this figure is 40w, what is the maximum volume it can contain? (Hint:
4

Recall that the surface area of a sphere is 4772 while its volume is §7rr3)

8. Find the minimum distance between the point (2, 5) and the curve 2z + y = 3.

9. Find the maximum and minimum value of the function f(z, y) = 2% + zy — y? over
1 1
the rectangular region — 2 <z,y< 2 (Hint: Fix z and find the extreme values for each

z. Then take the maximum and minimum as z varies over the interval [— %, %]).

10. Prove the Theorem on Arithmetic Means and Geometric Means by Calculus. This

Theorem states that for all nonnegative z1, x5, ..., z,, the following inequality holds.
Yoy Ty o Tp < $1+$2:”+3”.
The left side of the equation is called the Geometric Mean of z,, z,, ..., Tn while the

right side is called the Arithmetic Mean (or just the mean) of the z’s. (Hint: The case of
n = 2 is a simple inequality to prove. Then proceed by induction on n, working with a
properly chosen function fn(z).)

a+b

Solution. For the case n = 2 we wish to prove vab <

. a—2v/ab+b (va — Vb)?
2 2

This is equivalent to

which can be written 0 <

which is always true. We note
. _ N a+b
that the inequality is strict, i.e., vVab < % unless a = b.

Now assume the Theorem is true for the case of n nonnegative variables, namely

Z1, To, --., Tn. We wish to prove it true in the case of n + 1 nonnegative variables, which
we will call 1, 23, ..., Zn, t. In other words, we can assume by induction that

n T1+Ta+---+Tn

Ty Tog: 0 Ty < .

Yz, - 2y n S "

for any nonnegative z1, o, ..., Zn, and we wish to show that
T1+To+---+zTp+t
n+1
T1-Zp- - -Tpt < .
Ve 2 nt= nt1

for any £ > 0. Set

T1+To+--+Tp+t _1_
1) = — (1 -9 --+ - T -E)NF+1 |
0 S (@2 Tn 1)
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Then f(0) > 0 and f(t) — oo as t — co. We compute f/'(t). Set c =21 -T2+ - Zn.
Then c is a constant.
’ 1 1 __n_
) = ——— — n+l ¢t n+l
Fe) n+1 n—i—lc

Now f’ is continuous on the open interval (0, 0o) and is not defined at ¢ = 0. Thus we
must include £ = 0 when determining maxima and minima for f on the interval z > 0.
Solving for f’ = 0 we find

t" = ¢
1 1
t = ¢cn = (xl ..... mn)n
But
1 1
1 1+ Tn +Cn 1\ nt1
/() - - (o)
n+1
xl‘l‘ +$n+cn 1
= — Ccn
n+1
and we are given by induction that
Ti+--+7T 1 1
St Ton > cn O Zi+---+ZTyp > N-Cn.
n
Substituting, we find
1 1
1 nen +cn 1
F(ek) > M ko
n+1

1
Since f > 0 at all the extremal points, namely zero and cn», and since f — 00 as
T — 00, we can conclude that f(¢) > 0 for all ¢ > 0. This is the statement of the

Theorem on Arithmetic Means and Geometric Means for the case of n+1. H

11. Prove that equality holds in the Theorem on the Arithmetic Mean and Geometric

Mean only in the case z; =25 = -+ = zy.



