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Induction

Synopsis. Mathematical induction is a technique used to prove results in mathematics.
The idea is that there is a beginning point, the base of the induction, called Statement 1.
Then there is the inductive principal or inductive step, which is the claim that if State-

ment n is true, it follows that Statement n + 1 is also true.

If both the above propositions can be justified, then it follows that Statement n is true
for all integers m > 1 The logic is that we have showed that Statement 1 is true. Setting
n = 1, the inductive principal says “since Statement 1 is true, then Statement 1 + 1 is
true”. Thus Statement 2 is true. But now that Statement 2 is true, then Statement 2 + 1
is true. Continuing onwards, we see that Statement n is true for all positive integers n.

Some examples will clarify what this method can do for us.

Variations on the technique of mathematical induction include starting with a base
case that is not Statement 1, but another Statement. Another variation is to prove some
initial cases, and then assume by induction that the Statements are valid for all cases less

than n. Then we wish to show the validity of Statement n.

Certain of the problems require the notation for “n factorial”. This is the quantity
n! =1x 2 X - xn where n is a positive integer. We also define 0! = 1. We say “n factorial”

for the expression n!. This notation could be familiar from probability.

Exercises.

1. Prove by induction that for n a positive integer

n(n+ 1)

142440 = ——

1(1+ 1)

Solution. The base caseisn =1, and 1 = . So the base case is valid. Suppose the

n(n+1)

proposition is true for n. Thus we know 1 +2+---+n = 5

. We wish to prove
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the case corresponding to n + 1, namely

(n+1)(n+2)

1+424+--+n+(n+1) = 5

However,
n(n+1
nnrn)

= (n—l—l){g—l—l}

n + 2
= (-

so the inductive step is valid, and the proposition is true for all positive integer n. ®

1+24+--+n+(n+1) = (n+1)

2. Prove by induction that for n a positive integer

1434+5+--+(2n—1) = n?.

3. Prove by induction that for n a positive integer

nn+1)(2n +1
12422438+ 4 n? = ( L( )

1-(1+1)-(2-1+1)

Solution. Let us check the base case n = 1. 12 = so the base case is

6
valid. We suppose the proposition is true for the case of n and wish to prove it true for
the case of n + 1. Thus we assume

nn+1)2n +1
PR pyn? = L( )

and wish to prove

m+1)(n+1+1)2n+1)+1)

12422432+ 4nP 4 (n+1)? = 5

The left side equals

n(n+1é(2n+1)+(n+1)2 = (n+1){w+n+l}

2n? + ™ + 6

6
(2n +3) (n +2)

6

= (n+1)
= (n+1)

Therefore the statement holds for all positive integer n. ®
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4. Prove by induction that for n a positive integer

nn+1)(n+2)
3

is always an integer.

Solution. Consider the base case n = 1. Then n(n+1)(n+2) = 1-2-3 = 6 which is divisible
by 3. So the base case is true.

Assume the statement holds for the case of n, we wish to show it is valid for the case of
(n+1)(n+2)(n+3)
3

n+1)(n+2)(n+3 n(n + 1)(n + 2 n+1)(n+2
(D +M+I _ wnrYnt) | mr)nEd) o
3 3 3
= (n+1)(n+2).

n + 1. That is, we wish to show is an integer. Consider

Therefore, since n(n +1)(n +2)

is an integer, so it remains an integer when (n + 1)(n + 2)
is added to it. Hence the inductive step is shown, and the statement is true for all positive

integers n. W

5. Prove by induction that for n a positive integer

LS S 1 n
1-3 3.5 (2n—-1)02n+1) 2n+1

6. Recall the definition of “n factorial”, namely 0! = 1, 1! = 1 and for positive integers
n,n!=1-2-3---(n —1)-n. Prove by induction that for positive integers n > 2 we have

n! > 271,
Solution. Here we start the induction with the base case of n = 2. We note that 2! =1-2 =

2 = 2271 hence the base case is valid.

Suppose that for n > 2 we know n! > 2"~1. We wish to show that (n + 1)! > 2(?+1)-1,
However (n+1)! =n!-(n+1) >2""1.(n+1) > 2" 1.2 = 2" Thus the inductive step
holds and the inequality is true for all integer n > 2. =

7. Prove by induction that for positive integer n

1+1+1+1+ +1 =2 L
2 22 28 an on

8. The Fibonacci F,, sequence is defined by the recursive equation,

Fnis = Fpni+ Fp, n >0,
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with starting values Fp = Fy = 1. The first few values of the Fibonacci sequence are

1, 1,2, 3,5, 8, 13, .... Prove by induction that for alln > 1
1 <1+\/§)” 1 (1—\/5)"
Fn - - +_ .
2 2 2 2

Solution. In this situation, we must check the base cases n = 0 and n = 1 as the recursion
depends on two terms. For the case of n = 0 we observe that

() (5 -

2 2 2 2

When n = 1 we find
1<1+\/§>1+E(1—\/§>1_ 1 1446 1 1—4/5 11
2 T2 ' B

2 2 2

We can assume by induction that the formula holds for all values less that n + 2, and we

wish to prove the formula in the case of n + 2. In particular we have

() 3 (58 w3 (552 (55
2

n
and F; = -
2 2 2 ) nt 2 2

1
Fn:_ 2

2

So we have to add

() ()™ (5 e 25

_ <1+\/g>n3+\/5 _ (1+\/§)”.6+2\/5

)

2 2 2 4
_ <1+2\/€>"(1+2\/€> _ (1+2\/5>”+ _

Taking conjugates we immediately find

() (5 ()

Substituting, we observe that

1

Fn+2 = Fn+1+Fn = 5(

1+\/€)”+2+} (1—\/5)"+2
2 )

2 2
which demonstrates the formula by induction. =
9. With the Fibonacci sequence as above, prove by induction that for n > 2

FpniiFny — F2 = (-1)".
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10. Prove by induction that for positive integer n,
1 1 1 1 1
—t -t < 2-—.
12t 3! n! n

1 1
Solution. For the case of n = 1 we observe that - =1 < 2 — -, and for n = 2 we have
1

I + i 1+1/2 <2—1/2. Now suppose n > 2. Then we assume the proposition for n
and wish to prove the case of n + 1, in particular

1 1 1 1 1 < 1

Ttgtgt ottt

2——.
(n+10 — n+1

1 1
Working on the left side, we find it is less that or equal to 2 — - +
show that

. We need onl
(n+ 1)l y
9 1 n 1 < 9 1
n (n+1) — n+1’
This is equivalent to
1 1 1
(n+1)! = n n+1
or
1 1

(n+1)! = n(n + 1)

which clearly holds as long as n + 1 > 2 or n > 1. Therefore, the proposition holds for all
positive integer n by induction. ®



