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Definition and Properties of the Derivative

Synopsis. We recall the definition of the derivative of a function f at a point z,

P = i 1@ S0,
. y af
Other notations for f'(z) are D f(z) and iz

As far as properties of the derivative are concerned, we first note that the derivative
obeys linear type rules. That is, the derivative of the sum of two differentiable functions
is just the sum of the derivatives. The derivative of the product of a constant times a
differentiable function is that constant times the derivative. In notation,

(f(2) +9(z)) = f(z)+d'(2)
(c-f(z)) = c-f'(z).
Also, the product rule and quotient rule are handy techniques for computing the
derivatives of more complicated functions. Recall that we define the product function

(fg9)(z) as the function f(z) - g(z). The product rule says that if f(z) and g(z) are
differentiable functions at a point z, then the derivative of f(z) - g() is

D(f9)@ = (f@)e@) = f@) d@) + (@) o).

The quotient rule says that if f(z) and g(z) are differentiable at a point z and g(z) # 0
then

(@)' _ 9(z)f'(z) — f(z)g'(x)
9(z) 92%(z) '

We could use the notation for the quotient function, g(:c) so the left side of the above
equation could be written D (5) ().

In particular, we can use the product rule and mathematical induction to show that

the derivative of f(z) = z" is f'(z) = nz™ ! for n an integer greater than or equal to
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one. From the linear type properties of the derivative, we can immediately calculate the
derivative of a polynomial. For instance the derivative of 5z* — 723 + 2z + 13 is just
4-523—-3-722 +2=202%—2122 +2.

Rational functions can also be differentiated by means of the quotient rule. As an

example
d (z+1\ (z—-1)-1—(z+1)-1 -2
dz \z—1/ (z — 1)2 o (z—1)%
A special case would be finding the derivative of 1/z™. Using the quotient rule
1 z"-0—1-nz" ! —ngn! -n 1
) = (z™)? - z2n = gnil —nT :

The derivative of a function f(z) at a point = can be interpreted geometrically as the
slope of the tangent to the curve f at the point z.

It should be mentioned that a function that is differentiable at a point z is also con-
tinuous at that point. However, pathological cases can be constructed where a function is
continuous on an interval but has no derivative anywhere on that interval.
Exercises.

1. Use the definition of the derivative to find f'(z) for f(z) = v/3z.
flz+h)—f(z) +/3z+h)—3z
- h

h
by multiplying above and below by the conjugate of the numerator.

V3(E +h)—V3z 3z +h)++v3z 3(z+h) — 3z
h V3@ +h) +v3z k(3 + k) + /32)

3h
h(1/3(z + h) + /3z)
3
3z +h)+/3z

Solution. We consider the expression and simplify

3
Now all we have to do is take the limit of the last expression as A — 0. This gives us
2v/3z
. 3 . .
or equivalently % as the derivative of the function f(z) = v/3z. ®
z
1
2. Use the definition of the derivative to find f/(z) for f(z) = ﬁ

3. Use the definition of the derivative to find f'(z) for f(z) = z3 +2z.
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1
4. Use the definition of the derivative to find f/(z) for f(z) =z + 7

1 1
_ T+ h+ -z — —
Solution. We consider the expression flz+ h})l /(@) = z ‘;h T Let’s
simplify the numerator.
1 1 1 1
h+ ———z—— = h - —
T +:c+h e T +:r+h, z
B T—T—h
- z(z + h)
P
z(z + h)
Let us divide by A and take the limit as A — 0.
B h
. z(z + h) . 1
im ——* = lim1—-——— = 1——.
Ao h 0 z(z + h) z?

So the derivativeis 1 —z72. m

5. Use the definition of the derivative to find f/(z) for f(z) = £'/3. (Hint: Recall the
identity A% — B3 = (A — B) (A% + AB + B?))

6. Find the derivative of 22 (22 4 5z + 1) firstly by using the product rule, and also by
multiplying out the product and then differentiating.

Solution. For the product rule, we set f(z) = 22 and g(z) =22 +5z + 1. Then f/(z) =2z
while g'(z) = 2z + 5. So

D(fg)(z) = f(z)-g'(z)+ f'(z) - 9(z)
= z2. 2z +5)+(22) - (z>+5z +1)
=223 +522+223+1022 + 22
= 4234+ 152% 42z,

Multiplying out we get f(z)g(z) = z* + 523 + z2. We immediately get D(f g)(z) =
42° +1522 +2z. W

7. Find the derivative of (23 4 222 + 1) - (z2 — z) firstly using the product rule, and also
by multiplying out the product and then differentiating.

8. Find the derivative of

z—1
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Solution. Set f(z) =z and g(z) = z — 1. Then f/(z) = 1 = ¢’(z). We can use the quotient

rule . .
5 (1> @) = 4@~ 1)@
g 9°(z)
_(z—-1)-1-z-1
T @
_ -1
G
|
. L 2 +1
9. Find the derivative of .
z+1
. L. 2 +z—1
10. Find the derivative of ————.
e —1
11. Use the product rule and induction to show that the derivative of f(z) = z™ is

nz™ ! for n an integer, n > 1.

Solution. It is easy to see from the definition of the derivative, that D(z!) = 1 = 1z°.
Suppose the statement is true for n. Then D(z") = nz™ . It follows, using the product

rule, that
D(z"™!) = D(z"-z) = z"-D(z) +D(z") -z

=z 14nz" 1.z = (n+1)z".

Thus the statement is true for all » > 1 by induction. =



